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Numerical simulation of stochastic gene circuits
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Abstract

Armed with increasingly fast supercomputers and greater knowledge of the molecular mechanisms of gene expression, it is now practical
to numerically simulate complex networks of regulated biological reactions, or gene circuits. Using anexactstochastic simulation algorithm,
we obtain an accurate time-evolution of the behavior of complex gene circuits, including the effects of fluctuations caused by highly dilute,
but significant, regulatory proteins. Specifically, we examine an important gene circuit, the bistable switch, and use the stochastic simulation
algorithm to develop design principles that will enable us to produce a fast and robust switch for use in future applications. We pay particular
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ttention to different transcriptional control mechanisms and their effects on the amount of fluctuations in the system, emphasizin
hat increase certainty and improve the switching rate.
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. Introduction

Gene expression is the primary method that a biologi-
al organism converts the stored information within its DNA
nto functional molecules. The dynamic regulation of gene
xpression is critical to an organism’s proper functioning be-
ause many of the encoded functional molecules, whether
hey are structural proteins, enzymes, regulatory proteins,
r functional RNAs, have positive effects only when cer-

ain environmental stimuli are present or at specific points
n the organism’s life cycle. The production of unneeded

olecules comes at significant cost to the energy reservoir
f the organism, in addition to any possible negative effects

he molecules may cause when untimely expressed. Regu-
ation may occur at many of the different steps of gene ex-
ression, including transcriptional initiation, elongation, and

ermination (Borukhov & Nudler, 2003; Burgess & Anthony,
001; Coulombe & Burton, 1999; Dai & Rothman-Denes,
999; Orphanides & Reinberg, 2002) as well as translational

∗

initiation and termination (Ramakrishnan, 2002; Romby &
Springer, 2003). Regulatory proteins or RNA may indirec
or directly alter the binding interactions of specific seque
of DNA or mRNA, either positively or negatively affectin
transcriptional and translational efficiency (Franch & Gerdes
2000; Masse, Majdalani, & Gottesman, 2003; McLeod &
Johnson, 2001; Rojo, 2001; Xu & Hoover, 2001). The sta
bilities of regulatory proteins and mRNAs are also regul
by other proteins, adding an additional layer of comple
(Jenal & Hengge-Aronis, 2003).

Using quantitative modeling, it is now practical to simu
large-scale systems of biological processes, including
expression, in order to design organisms that possess sp
desired functions. By inserting a system of novel genes
an organism with a desired connectivity, one may crea
variety of interesting mini-functions, or motifs.

Some proposed motifs include switches, oscillators,
plitude filters, noise filters or amplifiers, and memory stor
(Wolf & Arkin, 2003). Combining these individual motif
one may create potent applications that have significan
tential in both the industrial and medical fields. One sig
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detection of both environmental toxins and disease-indicative
chemical species within the human body. The ability to “pro-
gram” a biological organism to perform specific functions,
either with a desired frequency or in response to environ-
mental stimuli, combines the capability of an analog signal
processor with the organism’s innate ability to chemically
and physically alter itself and its environment. The construc-
tion of a designed system of genes that performs a specific
function has been termed genetic circuit engineering (Hasty,
McMillen, & Collins, 2002) with each motif considered a
gene circuit. Currently, many of the proposed designs for gene
circuits remain inarticulate, lacking the detail to be directly
applied to an experimental system. However, with the use of
highly descriptive models and relatively new mathematical
formulations, it will be possible to create and design novel
gene circuits in silico, guiding their successful construction
in an organism.

1.1. Two gene circuits have been successfully
constructed in Escherichia coli, demonstrating a proof of
concept

Two functional gene circuits, the bistable switch and the
oscillator, have already been constructed inside biological or-
ganisms, demonstrating the ability of multiple genes, through
t
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Fig. 1. Gene circuit diagrams of the bistable switch. Each gene module, con-
sisting of a promoter (P), multiple operators (O), and coding gene segments,
is represented by a large number of mechanistic reactions. Arrows represent
the expression of the gene. Interactions between genes may be activating
(+) or repressive (−), through the mechanism of activators or repressors
binding to key DNA sites. Theith gene produces a repressor, Ri , and one
co-expressed protein, Di , as the output signal. Inducer molecules, I1 and I2,
bind to repressors, R2 and R1, respectively, disrupting their ability to repress
gene expression.

Fig. 1). The addition of an inducer, a chemical species that
disrupts the repression of a gene, toggles the switch from one
state to another.

The major components of the lac operon consist of a
promoter sequence, three different operator sites, and three
coding genes (seeFig. 2). The Lac repressor, a symmetric
tetramer protein, binds specifically to the three operator sites
with different affinities and, because of its symmetry, may
bind to two operators at once, looping the DNA around itself
(Friedman, Fischmann, & Steitz, 1995). Repressors bound
to an operator site become an obstacle to successful tran-
scriptional initiation and elongation. Lactose, the inducer for
the lac operon, or its more potent imitator isopropyl-thio-
galactoside (IPTG) binds to the Lac repressor and disrupts
its ability to bind to the operators in a process called induc-
tion. Induction results in a rapid increase in gene expression.

1.3. Accurate quantitative modeling of biological
systems requires new methods based on stochastic
process theory

Biological systems are unique because they feature ex-
tremely small length scales, highly dilute chemical concen-
trations, and event driven processes. A single cell may contain
only 10 molecules of a chemical species, making reactions
t hen
s ough
r f the
r must
r cess,
w stem
f cules
a d (for
a r
d ce
a sys-
t od of
heir interconnections, to perform specific tasks (Elowitz &
eibler, 2000; Gardner, Cantor, & Collins, 2000). The quality
f the designs, however, may be improved. These gen
uits utilize genetic components from both the lac opero
. coliand the lambda phage virus (Ptashne, 1996). Genetic
omponents may be considered “building blocks” bec
f the relative ease in which they may be extracted, r
ated, altered, and spliced into new biological organism
ore systems become as well characterized as the lac o
nd lambda phage virus, more building blocks will beco
vailable for use, making the design of gene circuits easie
ore flexible. In addition, through common genetic engin

ng techniques, already available genetic components
e altered to fit the necessities of a particular design. N
olecules may also be designed to fit a specific require

Ansari, Mapp, Nguyen, Dervan, & Ptashne, 2001).

.2. The “building blocks” of the lac operon are used to
esign a bistable switch genetic circuit

The lac operon ofE. colihas been well studied (Beckwith
Zipser, 1970; Kercher, Lu, & Lewis, 1997; McKnight &

amamoto, 1992), including quantitative measurements
his work, the genetic components, or “building blocks”,
xtracted from the lac operon with the corresponding
etic parameters, and are used in order to construct a h
escriptive representational model of gene expression
ain goal of our work is to use the model of gene exp

ion to construct a design for a high-certainty bistable sw
enetic circuit, consisting of two genes, each producing
ressor that represses the expression of the other gen
 e

hat affect it probabilistic rather than deterministic. W
uch small numbers of chemical species interact, thr
eactions, we may no longer assume that the rates o
eactions are continuous, deterministic functions. We
epresent the system as a Jump Markov stochastic pro
here each reaction represents the transition of the sy

rom one state to another, one where the reactant mole
re consumed and the product molecules are synthesize
n introduction, seeGillespie, 1992). Reactions will occu
iscontinuously in time, with their probability of occurren
function of the number of chemical molecules in the

em. The stochastic simulation algorithm, an exact meth
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Fig. 2. The transcriptional control components of thelac operon ofE. coli. Locations of the primary operator, O1, and auxiliary operators, O2 and O3, are
shown relative to the catabolite activating protein (CAP) and RNA Polymerase (RNAP) binding sites. The coding segments for the lacI and lacZ coding genes
are also shown for reference. Numbers refer to the base pair position relative to the transcriptional initiation site within the promoter.

simulating a Jump Markov process, was developed by
Gillespie (1976)and has been successfully used to represent
the dynamics of gene expression (Arkin, Ross, & McAdams,
1998; Wolf & Arkin, 2002).

In the following sections, we define a genetic circuit
bistable switch, list the reactions we use to model its gene
expression and regulatory interactions, describe the kinetic
parameters used, and explore the effects of changes in design
on the performance output of the switch. These results lead
us to develop a set of design rules for genetically engineering
any high-certainty, fast and robust bistable genetic switch.

2. Model of a bistable switch gene circuit and
computational methodology

2.1. Definitions of connectivity and input/output signals

The bistable switch gene circuit consists of two genes,
each producing a repressor that represses the expression of
the other gene. Each gene contains one additional coding
segment that produces a protein, which may be an enzyme or
fluorescent protein. One defines the switch as “On” when the
number of molecules of repressor two is greater than that of
repressor one and “Off” when the reverse is true. The switch
gene circuit allows one to program a decision-making branch
p and
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not simply a hard switch and is sensitive to the design of the
promoter and operator sequences. In order to create the best
switch, the transcriptional control mechanism must provide
tight enough repression. The lack of tight repression is called
“leaky expression” and ruins the output signal of the bistable
switch.

2.2. A detailed list of reactions that forms the model of
gene expression and regulation

The representational model of a single gene in this work
consists of 40 individual elementary reactions and 27 unique
chemical species, forming a mechanistic model of the bio-
logical machinery of bacterial gene expression, the protein
interactions of the repressor, and the mechanisms of repres-
sion. To create a gene circuit, one determines the connectiv-
ity between each gene, including any molecular interactions
between transcriptional or translational machinery and gene
products. Reversible reactions are represented by two oppos-
ing irreversible reactions, because transitions from state to
state in a Markov model must be unidirectional.

Our model of bacterial gene expression is similar to pre-
vious stochastic simulations (Arkin et al., 1998), except for
a few notable exceptions. Transcription initiation is repre-
sented in a fully non-equilibrium manner, where the binding
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oint in a biological system. Switching between the on
ff states requires the presence of inducers. The “Off” ind
isrupts the “On” repressor’s ability to repress the “Off” ge
esulting in the switch changing its state to “Off”. The “O
nducer similarly changes the switch’s state by disrupting
Off” repressor. The input signal is the number of molecu
f each inducer. The resulting output signal consists o
umber of “Off” or “On” repressors or co-expressed p

eins. The co-expressed proteins may be selected in or
pecifically interact with a downstream system, becomin
ut signals to another gene circuit, or to provide a detec
esponse, such as fluorescence. Using a switch gene c
ne can create a decision-making branch point. If the “On
ucer is present, the switch toggles from producing the “
o-expressed proteins to producing the “On” co-expre
roteins. If the “Off” inducer is present, the opposite occ
nce the transition occurs, an ideal switch will maintain
tate without the presence of additional inducer. This is
irely analogous to an If-Then-Else construct in comp
rogramming.

However, owing to the significant fluctuations in biolo
cal systems, the bistable switch must be carefully desi
o produce a usable output signal. Transcriptional contr
nd unbinding of the RNA Polymerase and repressors t
NA are individually represented. The alternative appro
f assuming equilibrium may not always be valid for hig
ynamic systems.

Four reactions describe the dimerization and tetra
zation of the repressor monomers. A first order reac
escribes the degradation of the repressor. Six eleme
eactions describe transcriptional initiation, including R
olymerase binding to the promoter region, the close
pen conformational change, and RNA Polymerase for
ovement across free operators. Transcriptional and t

ational elongations are represented as many first orde
ctions in series, each reaction representing the move
f the RNA Polymerase or ribosome across a single
leotide or codon.1 Abortive initiation, a process whe
he RNA Polymerase-DNA complex becomes disassoc
hen stalled by a repressor–operator complex, is desc

1 Whereas a single reaction is stochastically represented with an
entially distributed probability of occurrence, multiple first order react
ay be equivalently represented with a single gamma distributed prob
f occurrence. Without this equivalence, representing transcriptional
ation would require as many reactions as nucleotides transcribed (Gibson
Bruck, 2000).
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by four first order reactions, one for each operator site. Trans-
lation initiation is governed by four reactions, describing the
competitive binding between ribosome and RNAse E for the
5′ region of the mRNA. If a ribosome binds to the mRNA,
translational elongation is initiated. If an RNAse E binds to
the mRNA, the mRNA may no longer be bound by additional
ribosomes and becomes degraded.

There are three operators adjacent to the promoter region,
each capable of binding a repressor produced by the other
gene. There is a fourth operator at the end, capable of bind-
ing a repressor produced by its own gene. The fourth operator
is responsible for self-repression, limiting the expression of
any one gene to a maximum rate. In order for the RNA Poly-
merase to melt into the DNA and initiate transcription, the
first operator must be free. If repressors occupy the second,
third, or fourth operators, the initiated RNA Polymerase may
not move forward. The longer the RNA Polymerase remains
stalled in the pre-elongation mode, the greater the probability
that dissociation occurs and initiation is aborted. A repressor
may bind to each individual operator and up to two opera-
tors at once, causing DNA looping. There are eight reactions
describing repressors binding to individual operators and 12
reactions describing all possible pairs of repressor–operator
complexes that may form DNA loops. The fourth operator
may not engage in DNA looping.

ed pro
t oper-
a trol.
T co-
e eter-
m

2

1 irred
ich

tem.
ve-
ust
ch

ctive

2 and
all

ircuit
rada-

not
ino
ribo-
genes

sim-

3 any
ounts

and do not favor the transcriptional or translational effi-
ciency of any gene in the gene circuit. Sigma factor bind-
ing to RNA Polymerase is fast and does not rate limit
transcription initiation.

4. Each step of transcription and translation elongation oc-
curs at an average probability, neglecting changes in prob-
ability due to differences in nucleotides or codons. There
is no transcription or translation elongation regulation,
such as Rho-dependent termination or early mRNA hair-
pin formation.

5. An average of 20 proteins is produced per mRNA tran-
script. Because of the stochastic competition between the
ribosome and RNAse E, the resulting standard deviation
of production is 19.1. The distribution of the production
of proteins is determined by the ratio of ribosomal and
RNAse E activities.

6. The dimer form of the Lac repressor does not effectively
bind to an operator, due to competitive binding from the
more active tetramer form (Levandoski et al., 1996).

7. Induction of repressors is complete and instantaneous
when inducer is added to the system. The inducer im-
mediately binds all repressors capable of being induced
causing an immediate change in binding affinity to all af-
fected operators.

8. The volume of the cell remains constant at 1× 10−18 L.
e, di-
ct
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Each gene produces a repressor and one co-express
ein. Once the RNA Polymerase has passed the fourth
tor, there is no further transcriptional elongation con
here is no additional translational control as well. The
xpressed protein is the output signal for each gene, d
ining the level of expression.

.3. Model assumptions

. The cell is assumed to be a homogenous, well-st
medium with a large number of water molecules, wh
regularly collide with the reactant species in the sys
In order to use the stochastic simulation algorithm, the
locity distribution of reacting species in the system m
return to a Maxwell–Boltzmann distribution after ea
reaction, requiring them to engage in many non-rea
collisions prior to a reaction occurring (Gillespie, 1976).

. All housekeeping genes are constitutively expressed
maintained at normal concentrations. This includes
metabolic enzymes not associated with the gene c
and proteolytic enzymes necessary for protein deg
tion. Transcriptional and translational elongations are
rate limited by the availability of nucleotides and am
acids. The concentrations of RNA Polymerase and
some are large, but, because of the large number of
being expressed in the cell, theavailablenumber of RNA
Polymerase and ribosome is small and constant. All
ulations use 180 and 300 molecules ofavailableRNAP
and ribosome, respectively.

. All sigma factors, proteins that globally regulate m
genes, are present in constitutive and constant am
- Because the bistable switch quickly assumes a stat
lution effects from cell growth do not significantly affe
the decision-making process.

.4. Model kinetic parameters

There are two categories of kinetic parameters that
een used. The first describe interactions that current
iques may not alter without destroying the neces

unction. From a design perspective, these parameter
onstraints in which an engineer may not currently ad
he second category includes all kinetic parameters
ay be adjusted by modifying the interactions of the

icipating molecules. With these parameters, there is gr
exibility in the design of the gene circuit. For these s
lations, the only design parameters are the strength o
epressor–operator affinity, the inclusion of one or more o
tors, and the relative positioning of each operator within
ene. All other kinetic constants are considered constr
nd are kept fixed at their measured values. If no mea
alue is available from the lac operon, a measurement o
ame reaction from a common biological system is used
arameters are summarized inTable 1.

.5. Constrained parameters

Transcriptional and translational kinetic parameters
ept constant throughout all simulations. The RNA P
erase has an affinity of 2× 107 M−1 with the promote
nd a forward binding constant of 2× 106 M−1 s−1. The ir-
eversible melting process, whereby the RNA Polyme
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Table 1
Kinetic parameters of gene expression machinery and repressor dynamics

Constrained parameters (all genes)
RNAP binding promoter 2× 106 M−1 s−1 McKnight (1992)
RNAP unbinding promoter 0.01 s−1 McKnight (1992)
RNAP transcribing rate 30 nt/s Vogel (1994)
Stalled RNAP abortive initiation 5.776× 10−4 s−1 Common: 10–30 min;t1/2

Ribosome binding to mRNA 0.167 M−1 s−1 Adjusted to give 20 proteins per mRNA
RNAse binding to mRNA 0.015 M−1 s−1

Ribosome translating rate 100 aa/s Sorensen (1991)
Repressor degradation 2.31× 10−3 s−1 Elowitz (2000)
Co-expressed protein degradation 3.85× 10−4 s−1 Typical value

Design parameters
Repressor monomer dimerization and tetramerizationk1 = 109 M−1 s−1 Levandowski (1996)

k−1 = 10 s−1

Repressor binding to operator 5× 109 M−1 s−1 McKnight (1992)
Repressor–operator complex dissociation 2.5× 10−3 s−1/3.85× 10−4 s−1 Function of operator sequence
DNA loop formation 5× 103 M−1 s−1 Function of relative
DNA loop complex dissociation 1× 103 s−1/1.0 s−1 Distance
Repressor binding to fourth operator None/5× 109 M −1 s−1 McKnight (1992)
Repressor–fourth operator complex dissociation None/3.85× 10−3 s−1/1.925× 10−3 s−1/7.7× 10−4 s−1 Function of operator sequence

unwinds the DNA and begins transcription, occurs at a rate
of 1× 10−2 s−1 (McKnight & Yamamoto, 1992). Movement
of the RNA Polymerase across unobstructed DNA, includ-
ing both operators and coding segments, takes place at a
rate of 30 nucleotides/s (Vogel & Jensen, 1994). RNA Poly-
merase molecules that are prevented from moving forward
by repressor–operator complexes may undergo abortive ini-
tiation with a probability of 5.776× 10−4 s−1, equivalent to
a half-life of 20 min. The coding segment for both the re-
pressor and co-expressed protein is 600 nucleotides long. Ri-
bosome and RNAse E competitively bind to the 5′ end of
the mRNA at binding constants of 0.167 and 0.015 M−1 s−1,
respectively, producing an average of 20± 19.1 proteins per
mRNA transcript. Translation elongation occurs at an aver-
age rate of 100 codons s−1 (Sorensen & Pedersen, 1991). The
mRNA transcript has a length of 200 codons, corresponding
to 200 amino acids. The repressor and co-expressed protein
have half-lives of 5 and 30 min, respectively. The repressor
obtains its fast half-life by genetic insertion of a tag that re-
cruits the cell’s proteosome machinery (Elowitz & Leibler,
2000).

Lac repressor dimerization and tetramerization equilib-
rium constants vary with environmental conditions and range
from 108 to 1015 M−1 (Levandoski et al., 1996). At these
equilibrium constants, the tetramer form is highly favored.
I nvi-
r ants
o ng
a ible
s

2

se-
q the

repressor–operator interactions, including DNA loop forma-
tion (Müller, Oehler, & M̈uller-Hill, 1996). The three natural
operators in the lac operon, O1, O2, and O3, each have dif-
fering affinities to the Lac repressor. In addition, one may
use genetic engineering techniques to introduce mutations
in the sequence of each operator, fine tuning the affinities
to the repressor. The genetic circuit engineer then may se-
lect an operator from one of many in order to obtain the
desired affinity to the repressor. For these simulations, two
types of operator sequences have been used. Both operator
sequences bind to the repressor with a forward kinetic con-
stant of 5× 109 M s−1 (McKnight & Yamamoto, 1992). The
dissociation constants are 2.5× 10−3 and 3.85× 10−4 s−1,
equivalent to macroscopic half-lives of 5 and 30 min, respec-
tively. From a probabilistic perspective, macroscopic half-
lives determine the amount of elapsed time when a complex
has a 50% chance of decomposition. The genetic circuit en-
gineer may also fine-tune the extent of DNA looping by ad-
justing the distance between the two operators, altering the
probability of loop formation. For the lac operon, the maxi-
mum probability of DNA looping occurs at a distance of 70
base pairs. The extent of loop formation decreases with both
longer and shorter distances, oscillating with a periodicity
of 11 base pairs (Müller et al., 1996). Three different dis-
tances between operators were chosen to correspond to three
d NA
l nd
a
r the
l

2

ribed
a and
n order to design a switch for a less than desirable e
onmental condition, forward and reverse kinetic const
f 109 M−1 s−1 and 10 s−1, respectively, were used, givi
n equilibrium constant at the very low end of the poss
pectrum.

.6. Design parameters

Numerous experiments have altered operator
uence and placement to observe the effects on
ifferent designs, each employing a varying degree of D
ooping. The first utilizes no DNA looping, while the seco
nd third have equilibrium constants of 5.0 and 5× 103 M−1,
espectively. Forward looping kinetic constants are, for
atter two designs, 5× 103 M−1.

.7. Design goals

Two genes are mechanistically represented, as desc
bove; each coding for the production of a repressor
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co-expressed protein of different functional behavior. The
repressor produced by the first gene, R1, may bind to
the first, second, and third operator of the second gene
and the fourth operator of the first gene. The repres-
sor produced by the second gene, R2, may bind to the
first, second, and third operator of the first gene and the
fourth operator of the second gene. The first and second
genes produce co-expressed proteins named D1 and D2,
respectively.

The switch has two significant dimensionless numbers;
they are state and certainty. The state of the switch is either
“On”, where the number of D2 > D1, or “Off” otherwise. The
certainty of the switch determines to what extent the output
signal, either on or off, is reliable and accurate. The certainty
of the switch is absolute when the difference in concentration
between the co-expressed proteins is highest. The certainty of
the switch may be described byC = |D2 − D1|/(D2 + D1).
At an ideal certainty of one, the switch is either fully on or
off. At a certainty of zero, the concentrations of both co-
expressed proteins are equal and it is impossible to deter-
mine the state of the switch.One goal in designing a better
switch is to maximize the amount of certainty in the output
signal.

Another goal in designing a better switch is to decrease
the time necessary to switch from one state to another. The
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Fig. 3. The rate at which events are simulated is plotted vs. the total number
of events in a single trial. The optimizations implemented favor simulations
requiring numerous events.

2.8.1. The enhanced stochastic simulation algorithm is
capable of efficiently simulating a large-scale system of
coupled chemical and biochemical reactions

Simulations were run on a single processor of an IBM
pSeries 690 Turbo. Each computational experiment consists
of 100–1500 identical trials. The typical trial ranged between
10 and 250 million simulated events. The algorithm is more
efficient when simulating large numbers of events. A simula-
tion of 9.8 million events ran at 139,000 events per real-time
second while one of 304 million events ran at 223,000 events
per real-time second (seeFig. 3).

2.8.2. An overview of the “Next Reaction” variant of the
stochastic simulation algorithm

In order to apply the SSA, we must first define the system.
The system consists ofN unique chemical species andM
first or second order reactions in a homogenous volume,V.
The state vectorXi, for i = 1, . . ., N, contains the numbers
of molecules of theith chemical species. Theith reaction
has a propensity,ai , analogous to a macroscopic rate. Using
the reaction propensity, we then produce a joint probability
density,Pi(τ), for each reaction fromi = 1, . . ., M.

P�(τ) dτ is the probability at timet that theµth reaction
has not occurred within (t, t+ τ), andthat theµth reaction in
Vwill occur in the differential time interval (t+ τ, t+ τ + dτ).

f
t t,
o tion
m s

P

T the
d sity
m f
mount of time to effectively switch states is inversely
ated to the numbers of repressor and co-expressed
ein at the current state and the rate at which they
egraded. One may either increase the degradation ra
epressor and co-expressed protein or decrease the
um number of molecules of both products that exis

teady state. The former is possible only if there is a
etic engineering technique to target both the repre
nd co-expressed protein for faster degradation. The

er involves only the repressor and the addition of a
iously known operator sequence. This latter method
mplemented in the design by the inclusion of a fourth
rator. One may fine-tune the steady state concentr
f repressor and co-expressed protein by modifying
ffinity of the fourth operator to its repressor, either
reasing or decreasing the magnitude of self-repressio
ired.

.8. Computational methodology

Computational simulations were performed using
tochastic simulation algorithm (SSA), created byGillespie
1976), with substantial enhancements and modificat
Gibson & Bruck, 2000). The algorithm generates
ime evolution of a homogeneous system of cou
hemical reactions, explicitly accounting for the fluc
tions that are inherent in systems containing few
ctant molecules. We have implemented the algor
sing Fortran 95. Analysis of data was carried out u
ATLAB.
The joint probability density of reactionµ is the product o
he two possible events, the latterconditioned, or dependen
n the former being true. The first condition, that the reac
ay not occur, exponentially decreases with time, and i

o
µ(τ) = exp(−aµ) (1)

he second condition, that the reaction will occur within
ifferential time interval, is equal to the reaction propen
ultiplied by the differential element,a�dτ. The product o
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the two events produces the joint probability distribution for
theµth reaction.

Pµ(τ) dt = aµ exp(−aµτ) dτ (2)

We may calculate the reaction propensity using only the
macroscopic rate constant,ki , the state vectorX, and the or-
der of the reaction. Analogous to mass action kinetics, the
reaction propensity is

ai = hici (3)

wherehi is the number ofdistinctcombinations of reactant
molecules for theith reaction, andci is the average specific
reaction propensity for theith reaction.

The order of the reaction affects the calculation of bothhi
andci in the following manner:

For a first order reaction, A→ B

hi = #A

ci = ki

For a monomolecular second order reaction, A + A → B

hi = #A(#A − 1)
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use 1− URN(0,1) as our uniform random number. By invert-
ing with respect toτ, we may now obtain the absolutetime
in which theµth reaction will occur, or

tµ = − log(URN(0, 1))

aµ

+ t (6)

wheret is the current simulation time.
In order to find the reaction that will occur next, we must

calculate the times at which every reaction occurs and find the
shortest time. The reaction with the shortest time is executed;
increasing and decreasing the molecules of the product and
reactant species, respectively, within the state vectorX. In or-
der to update the time, we may now simply equate the current
simulation time with the new “Next” reaction time because
of the shift from relative to absolute units. We then repeat the
former calculation of reaction propensities and next reaction
times, find the shortest next reaction time, and execute that
reaction.

Gibson and Bruck (2000)created the “Next Reaction”
variant and additional optimizations that improve the effi-
ciency of the stochastic simulation algorithm. Using a depen-
dency graph, the reaction propensities are only recalculated if
they have changed. By using an indexed priority queue, find-
ing the minimum of the list of reaction times is optimized.
Finally, after recalculating reaction propensities, the reaction
t n re-
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m ns-
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i = 2ki/V

Na

For a bimolecular second order reaction, A + B → C

i = #A#B

i = ki/V

Na
(4)

hereNa is Avogadro’s number and #X refers to the numbe
f molecules of speciesX.

Using the joint probability density, we can now calcu
hetimeat which the next reaction will occur. Once we kn
oth the time and the type of reaction that will occur next
ay simply execute the reaction, change our state, and r
ur calculations again to find thenext reaction that occur
o do this, we must first integrate the joint probability d
ity from zero toτ and find the joint probability distributio
�(τ).
F�(τ) is the probability at timet that theµth reaction will

ccur within the interval (t, t+ τ).

µ(τ) = 1 − exp(−aµ) (5)

The joint probability distribution may assume all valu
etween 0 and 1, a property that is shared with a uni
andom number of the same domain. We may then u
onte-Carlo technique to simulate the uniform samplin
robabilities by equating Eq.(5)with a uniform random num
er (URN) with a domain (0,1). Equivalently, we may a
t

imes for unexecuted reactions are rescaled rather tha
uiring newly generated pseudorandom numbers. The
odification is an application of the random variable tra

ormation (RVT) theorem and reduces the computationa
ensity involved in the generation of pseudorandom num
ombined, these modifications produce a highly efficien
orithm capable of simulating large-scale systems of ch
al and biochemical reactions.

. Results

The following computational experiments analyze the
ects of different design choices. In each experiment, nu
us trials are performed to obtain an accurate distribu
f the possible outcomes and an accurate ensemble av
ach trial begins with the bistable switch in a “null” sta
either on nor off. Because both genes use equivalent k
arameters, there is a 50% chance of the bistable switc
uming either state. Of course, small deviations are exp
ue to the practical limit on the number of trials able to
erformed in a reasonable amount of time. The result
epicted using both histograms and time series graphs
istograms represent the distribution of outcomes over m

rials. The height of each bar is equal to the percentage o
ls in a particular state, either on or off, at a particular valu
ertainty. The ideal switch would have two bars, each at 5
ith a certainty of one. Increasing the certainty of a sw
ill shift the distribution of outcomes towards the right. T

ime series graphs depict both the ensemble mean and
ard deviation of each experiment.
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Fig. 4. A state vs. certainty histogram of a one operator design with repressor–operator dissociation constants of 2.5× 10−3 and 3.85× 10−4 s−1, equivalent
to macroscopic half-lives of 5 and 30 min, respectively.

3.1. The effect of increasing the repressor–operator
affinity

Transcriptional control is dependent upon the high affin-
ity of a repressor for an operator. By increasing the affinity,
one decreases the probability that a repressor will unbind
from an operator and cause “leaky expression”. In a single
operator design, the dissociation constant of the operator is
decreased from 2.5× 10−3 to 3.85× 10−4 s−1, equivalent to
macroscopic half-lives of 5 and 30 min, respectively.

With a half-life of only 5 min, the first design features
very leaky transcriptional control, resulting in a poor switch
(Fig. 4). In this design, only 22.5% of the trials have a cer-
tainty of 0.8 or greater, which is only 2.5% greater than a
uniformly random distribution. By increasing the affinity of
the operator to an equivalent half-life of 30 min, one greatly
increases the certainty of the switch, resulting in 29.8% of
the trials having a certainty of 0.8 or greater.

3.2. The effect of multiple operators

In natural biological systems, the usage of multiple op-
erators is common. The reason behind the usage of multi-
ple operators may be understood by comparing the certainty
of the output signal across different designs. In three sep-
a o, or

Fig. 5. A state vs. certainty histogram of a one, two, and three op-
erator design, each with repressor–operator dissociation constants of
3.85× 10−4 s−1.

three working operators on both genes (Fig. 5). All operators
have dissociation constants of 3.85× 10−4 s−1, equivalent to
a macroscopic half-life of 30 min. The operators are suffi-
ciently positioned so that DNA looping may not occur.

With only a single operator, 29.8% of the trials have a
certainty of 0.8 or greater, including both the on and off
rate designs, simulations are run with either one, tw
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states. By inserting additional operators, the certainty of the
bistable switch increases. With two and three operators, 42.6
and 43.7% of the trials, respectively, have a certainty of 0.8 or
greater. The addition of the third operator grants only a small
increase in the certainty of the switch, indicating that com-
plete transcriptional control may not be achieved by simply
adding more operators.

3.3. The effect of DNA looping

The ability for the repressor to bind to two operators at
once allows the repressor to form a stable complex, increas-
ing transcriptional control. The effect of DNA looping is
examined by varying the dissociation constant of the DNA
loop complex (Fig. 6). The increase in effective DNA looping
may be accomplished by specific positioning of the operators
with respect to one another. Three computational experiments
were performed where DNA looping was absent, or DNA
looping was present with dissociation constants of 1.0× 103

or 1.0 s−1. Where DNA looping is present, loop formation oc-
curred at 5× 103 M−1 s−1, resulting in equilibrium constants
of 5.0 or 5× 103 M−1, respectively. Only the first operator is
capable of binding repressor in solution, whereas the second
operator engages only in DNA looping, if present. The first
operator has a dissociation constant of 3.85× 10−4 s−1 when
b
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37.5% of the trials having a certainty of 0.8 or greater. Addi-
tional increases in loop stability continue to augment the cer-
tainty of the switch’s state. With greater DNA loop stability,
once a repressor binds to the first operator, the probability of
successful gene expression lessens dramatically. Because the
loop structure requires only the presence of a single repres-
sor, transcriptional control behaves more like a “hard switch”,
completely turning off gene expression as soon as a single re-
pressor has bound.

3.4. The usage of self-repression to decrease steady
state concentrations

In order to decrease the concentration of both repressor
and co-expressed protein at steady state, one may apply self-
repression, or autoregulatory negative feedback, by the in-
sertion of a fourth operator into both genes. While the first
through third operators bind to repressor produced by the
opposing gene, the fourth operator binds to repressor pro-
duced by its own gene. Increasing the affinity of the fourth
operator for the gene’s product repressor will decrease the
probability of successful transcription at high concentrations
of repressor. Simulations are run where the fourth operator is
non-existent or, when bound to a repressor, has a disassoci-
ation constant of 3.85× 10−3 or 7.7× 10−4 s−1, equivalent
t

rate.
H esign
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d erator,
a esign
i stants
o of
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ound to a repressor.
DNA looping increases the apparent half-live of

epressor-DNA complex by forcing the repressor to un
wice before being able to diffuse away from the DNA. W
ach decrease in the probability of loop separation, the
criptional control increases, resulting in greater certa
esigns utilizing DNA looping with equilibrium constan
f 5.0 and 5.0× 103 M−1, respectively, result in 34.8% a

ig. 6. A state vs. certainty histogram of three designs, each including
ooping to a different extent. The first design excludes DNA looping, w
he second and third utilize DNA looping with equilibrium constants of
nd 5.0× 103 M−1, respectively. All three designs contain only one oper
apable of binding repressor in solution with a repressor–operator dis
ion constant of 3.85× 10−4 s−1.
o macroscopic half-lives of 3 or 15 min, respectively.
Initially, each design produces repressor at the same

owever, as the concentration of repressor rises, each d
educes its production of repressor corresponding to the
ty of the repressor for the fourth operator (Fig. 7). At the end
f 5 h of simulated time, the application of self-repress
ecreases the average concentration of repressor (solid

ig. 7. The mean (solid lines) and± 1 S.D. (dashed lines) of the numb
f molecules of R2, the “On” repressor, are plotted over time with vary
egrees of self-repression. The first design excludes the fourth op
pplying no self-repression (triangles), while the second and third d

ncludes the fourth operator with repressor–operator dissociation con
f 3.85× 10−3 and 7.7× 10−4 s−1, equivalent to macroscopic half-lives
min (squares) and 15 min (circles), respectively.
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by 50.0% and 68.2%, respectively, for repressor–operator
complexes whose half-lives are 3 and 15 min. The applica-
tion of self-repression also reduces the fluctuations in pro-
duction of repressor and co-expressed protein (dotted lines).
Because high concentrations of repressor lessen the prob-
ability of successful gene expression, the rate of produc-
tion has an upper limit, decreasing the amount of fluctu-
ations that might spur higher than average concentrations
of protein. The fano factor, or the standard deviation di-
vided by the mean (σ/µ), describes the extent of fluctua-
tions in a series of measured values. The fano factor is 1.436
with no self-repression, decreasing to 1.08 and 0.699 with
repressor–operator complex half-lives of 3 and 15 min, re-
spectively. A fano factor of zero indicates the absence of
fluctuations.

4. Discussion and conclusion

4.1. Precise regulation

The distribution of outcomes represents the possible
states, and their certainties, that a colony of cells, all con-
taining an implementation of a bistable switch, may pro-
duce. In biological systems, the faulty performance of a small
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4.2.1. The differences between transcriptional control
elements

The usage of multiple operators and the formation of stable
loops provide two different forms of transcriptional control.
Designs with multiple operators provide increased sensitivity
to the concentration of repressor in solution. The probability
of a repressor binding to any of the operators is a direct func-
tion of the concentration of the repressor. As more operators
are added, there is an additive probability that at least one
operator binds to a repressor in solution. Even when bound,
the operators still maintain sensitivity to the concentration of
repressor in solution because, over time, the operators will
unbind from their repressor and the probability of being re-
bound will depend on the concentration in solution. In con-
trast, stable loop formation only requires the presence of a
single bound repressor and is not sensitive to the concentra-
tion of repressor in solution. Once formed, the stable loop
complex has a small probability of full dissociation, because
the repressor must unbind twice in order to be free. While
formed, the loop’s continued presence is not a strong func-
tion of the concentration of repressor in solution. In order
to activate gene expression, another participatory molecule,
such as an inducer, must be present to disrupt the repres-
sor’s ability to form the loop complex, consequently ceasing
repression.
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umber of cells may have significant consequences t
ealth of the organism. In the previous results, there
onsiderable instances where cells produce faulty swit
nes with low certainty. One reason for this lack of p
ision is the absence of translational and post-translat
egulation. It may be that the need for precise regula
s the primary evolutionary force for developing new r
latory mechanisms, those that are common in eukar
nd higher organisms. The exclusive application of t
criptional regulation, modifying the efficiency of succe
ul mRNA production, cannot guarantee the necessar
undancy and precision that is required by higher organ

o regulate their most critical processes. In order to ev
ore complicated processes, additional regulatory me
isms must evolve simultaneously in order to ensure th
bility of the organism.

.2. Design principles

A high quality bistable switch design requires tight tr
criptional control and strong self-repression to obtain r
witching between discrete states. A combination of mul
perators and stable loop formation provides the trans

ional control necessary to distinctly separate the on an
tates and give a high certainty of differentiation. The ap
ation of self-repression decreases the steady state co
ration of repressor and co-expressed protein of the dom
tate. When induced, the concentration of the dominan
ressor will go to zero faster, increasing the speed in w

he switch may change states.
-

The two disparate types of transcriptional control elem
ave different uses. For the bistable switch, one desi
hard” immovable switch, sensitive to the environment
nly the first few moments after induction and therea
tatic. The formation of stable DNA loop structures prov
his effective characteristic. For other designs, howev
tatic transcriptional mechanism may not be desired. Th
ge of multiple operators, then, becomes the more effe

ranscriptional control mechanism for a dynamic envi
ent.

.2.2. Self-repression reduces the time necessary to
witch from one state to another, but also increases the
ikelihood that neither gene will be expressed

The application of self-repression by the inclusion o
perator which binds to the gene’s own product decre

he steady state concentration of the gene’s expresse
eins. When an inducer is added to the system, the repr
f the dominantly expressed gene binds less specifica

he opposing genes’ operators. However, because the a
f the repressor depends on both specificity and conce

ion, the dominantly expressed gene will maintain domina
f its repressor is at a sufficiently high concentration. S
epression reduces the probability that the dominant g
epressor maintains a high concentration and increase
robability that the opposing gene will become expre
hen inducer is added. In order for a measurable state ch

o occur, the opposing gene must become expressed, p
ng its repressor and co-expressed protein, the dominan

ust be repressed, ceasing production of its proteins, an
ominant genes’ proteins in solution must degrade rap
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Fig. 8. One possible outcome of the induction of a quality bistable switch
design, excluding any self-repression. The number of molecules of co-
expressed protein, D, and repressor, R, from both genes one and two
are plotted vs. time. The design consists of two operators, both capa-
ble of binding repressor in solution and forming a DNA loop complex
with one another. Repressor–operator complexes have a dissociation con-
stant of 3.85× 10−4 s−1 and DNA loop formation has an equilibrium of
5.0× 103 M−1. Initial conditions were taken from near-steady state concen-
trations of an “Off” state using the same kinetic parameters.

Self-repression reduces the steady state concentration of the
dominant genes’ proteins, decreasing the time necessary for
complete degradation, and consequently increasing the rate of
state switching (seeFigs. 8 and 9). In both figures, induction
is initiated at time zero by adding the “On” inducer, which
alters the ability of the “Off” repressor to bind to its DNA
operators. Induction is considered complete when the num-
ber of “On” co-expressed protein, D2, is much greater than
the “Off” co-expression protein, D1. Without self-repression,
the large concentration of “Off” repressor, R1, increases the
length of time necessary for induction to complete.

However, excessive self-repression results in the steady
state concentration of the dominant genes’ proteins nearing
zero. With the auto regulating operator too “tight”, small
amounts of repressor will prevent any occurrences of suc-
cessful transcription, resulting in rare and discontinuous pro-
duction of mRNA. If the design includes tight self-repression
in both genes, then neither gene will become sufficiently ex-
pressed to produce a discrete state of the switch, resulting in
a near zero certainty (results not shown).

4.3. Conclusions

The bistable switch gene circuit will prove to be a highly
useful motif in future biological applications, enabling rapid,
p and
p am-
m ble
s t of
t al of

Fig. 9. One possible outcome of the induction of a quality bistable switch
design, including self-repression with a repressor–operator dissociation con-
stant of 7.7× 10−4 s−1, equivalent to a half-life of 15 min. The number of
molecules of co-expressed protein, D, and repressor, R, from both genes
one and two are plotted vs. time. The design consists of two operators, both
capable of binding repressor in solution and forming a DNA loop complex
with one another. Repressor–operator complexes have a dissociation con-
stant of 3.85× 10−4 s−1 and DNA loop formation has an equilibrium of
5.0× 103 M−1. Initial conditions were taken from near-steady state concen-
trations of an “Off” state using the same kinetic parameters.

flexibility in producing a high quality design. Using multiple
operators, DNA looping, and self-repression, one can create a
bistable switch that rapidly switches between discrete states.

As more biological systems become well characterized,
the number of usable “building blocks” will increase, greatly
profiting the design of future gene circuits. As more gene cir-
cuits are quantitatively analyzed, they may be combined to
create more complex functions that add to the genetic circuit
engineer’s toolbox. The synthesis of genetics, molecular bi-
ology, and chemical engineering will open up a new area of
design, one where we specifically manipulate the genomes
of biological organisms to perform a wide array of useful
applications.
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